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In this note, we establish the 2-D Quantum Inequalities - first proved by Flanagan - for all CFTs
with a causal holographic dual. Following the treatment of Kelly & Wall, we establish that the
Boundary Causality Condition in an asymptotic AdS spacetime implies the Quantum Inequalities
on the boundary. Our results extend easily to curved spacetime and are stable under deformations
of the CFT by relevant operators. We discuss higher dimensional generalizations and possible
connections to recent bounds on a/c in 4-D CFTs.
I. INTRODUCTION AND SUMMARY
In classical general relativity, energy conditions prove
essential in determining causal structure of spacetime [1].
Penrose used energy conditions to prove key singularity
theorems [2]. Prevalent examples of energy conditions
include the null energy condition (NEC) and the aver-
aged null energy condition (ANEC). The NEC bounds
the null-null component of the stress tensor at each point
Tkk ≥ 0 and the ANEC bounds the integral over a null
line ∫
Tkk dλ ≥ 0 (1)
with λ an affine parameter.
However, in quantum mechanics these energy condi-
tions no longer hold as fluctuations can contribute to
negative energy density. For general states in quantum
field theory, the expectation value of the stress tensor
at a point Tkk is unbounded below. Certain quantum
extensions of the NEC have been proposed [3, 4], demon-
strating a deep connection to the entanglement structure
of quantum states. In [5–7], ANEC-type inequalities were
initially proposed to hold for two and four-dimensional,
free, massless quantized scalar fields. Flanagan improved
these two-dimensional Quantum Inequalities (QIs) by
more general means [8]. This result, which we will prove
in a holographic context, states that∫ ∞
−∞
ρ(u)〈Tuu〉 du ≥ − 1
48pi
∫ ∞
−∞
(ρ′(u))2
ρ(u)
du (2)
where ρ is any smooth, positive smearing function which
can have compact support. In regions where ρ(u) = 0,
ρ′(u)2/ρ(u) is set to zero.
Energy conditions have played an important role in il-
luminating gauge/gravity duality [9]. The quantum null
energy condition was proven within the context of holog-
raphy as originating from a property of Ryu-Takayanagi
surfaces [4]. The quantum generalization of the ANEC
was also investigated by Kelly & Wall in [10]. They
proved holographically that the ANEC for CFTs living
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on the boundary of asymptotic AdS follows from the re-
quirement of “good” causal properties of the duality: sig-
nals on the boundary of AdS cannot propagate faster
than the speed of light by using the bulk as a shortcut.
This property was first established in [12], in a theorem
we will refer to as the Gao-Wald theorem. The theorem
was proven for a generic spacetime with a time-like, con-
formal boundary that satisfies the null curvature condi-
tion. One can prove that this boundary causality condi-
tion (BCC) implies the Quantum Inequalities as well as
the ANEC in the boundary, where we conform with the
terminology found in [13].
The proof laid out here will follow the derivation in
[10]. We begin by reviewing the proof of the two-
dimensional Quantum Inequalities for a general CFT.
We then show how the bulk-boundary causality condi-
tion implies this inequality in the holographic context.
We conclude with speculation about higher dimensional
generalizations of this proof as well as a curved spacetime
analog.
II. PROOF OF QUANTUM INEQUALITIES
FOR A 1+1-D CFT
In this section, we review a field-theoretic proof of the
two dimensional Quantum Inequalities. Flanagan proved
the Quantum Inequalities for massless and massive, free
scalar field theory [8]. This proof was later extended to
all two-dimensional CFTs in [11]. We begin by recalling
the transformation properties of the stress-energy tensor
under conformal transformations, which will prove cru-
cial in understanding the nature of these inequalities.
Formally, a conformal transformation is a map between
two Riemannian manifolds, φ : (M, g) → (Mˆ, gˆ) such
that φ∗gˆ = e2σg. In flat space, we can write the metric
as ds2 = −dUdv − dvdU . If we make the coordinate
transformation u 7→ U = U(u), flat space is conformally
related to itself:
d sˆ2 = U ′(u)(−du dv − dv du) = U ′(u)ds2 (3)
Schematically then, our Weyl transformation takes
U ′(u)(−du dv − dv du) 7→ −du dv − dv du
so that σ = −12 log(U
′).
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2By the work of [14], we know that correlation functions
involving the stress tensor Tuu on the source manifold are
related to correlation functions involving the stress tensor
on the target space as so :
〈Tuu(u)Φ(u)〉U = 〈TuuΦ(u)〉u + c
24pi
(σuu + σ
2
u)〈Φ(u)〉u
(4)
where we have defined: σα ≡ ∂ασ and σαβ ≡ ∂α∂βσ.
Here the state subscripts denote whether we are tak-
ing vacuum expectation values with respect to the U -
coordinate vacuum or the u-coordinate vacuum. 1
For the remainder of the discussion, we assume that
U(u) is bijective and smooth and so defines an endomor-
phism, S, that takes one vacua to the other:
S|u〉 = |U〉
There are subtleties related to the existence of this oper-
ator for general functions U(u), but we let the interested
reader consult [8] for details. Meantime, we only utilize
functions, U , that satisfy the necessary conditions laid
out therein.
After introducing this S map, we can derive an opera-
tor equation from (4) that states:
S†Tuu(u)S = Tˆuu(u) +
c
12pi
(σuu + σ
2
u) (5)
where the hat signifies that this stress tensor lives on the
target manifold.
Conformal invariance of the theory implies that the
right hand side transforms covariantly: Tˆuu(u) =
TˆUU (U)U
′(u)2 as an operator. In order to get the quan-
tum inequalities, we must integrate 5 against a given
sampling function, ρ(u). If one plugs this equation back
in to 5 and integrates we find an equation first proved in
[8]:∫ ∞
−∞
ρ(u)S†Tuu(u)S du =
∫ ∞
−∞
ρ(u)TˆUU (U)U
′(u)2 du
+
c
24pi
∫ ∞
−∞
ρ(u)(σuu + σ
2
u) du (6)
Choosing our coordinate transformation such that ρ(u) =
1
U ′ then σ =
1
2 log(ρ(u)). We see that (6) just reduces to∫ ∞
−∞
ρ(u)S†Tuu(u)S du =
∫ ∞
−∞
TˆUU (U)dU
− c
48pi
∫ ∞
−∞
ρ′(u)2
ρ(u)
du (7)
1 Cappelli & Coste actually did not prove this result. They showed
that the one-point function of the stress tensors should be related
in this way. We believe it to be true that their method of proof
extends easily to correlation functions with general field inser-
tions.
As Flanagan notes, the first term on the right hand side
of this equation is just HR, the Hamiltonian associated
with one chiral sector of the CFT. This is a manifestly
positive definite operator for all U(u), and so, importing
the fact that HR ≥ 0, we establish the Quantum Inequal-
ities found in (2). We note that this also happens to be
equivalent to the ANEC in two dimensions. This equiva-
lence in conjunction with the work of Kelly & Wall leads
us naturally to the following section.
III. PROOF OF THE QUANTUM
INEQUALITIES FROM BULK-BOUNDARY
CAUSALITY
Understanding the relationship between bulk-
boundary causality and energy conditions can shed light
on the nature of AdS/CFT. In this note, we take “good”
bulk-boundary causality to have the same definition as
in [10, 13] - no curve through the bulk can beat a null
curve on the boundary.
Given that good bulk-to-boundary causality proves the
ANEC [10], one should not be surprised at all that it
also proves the Quantum Inequalities, but it is nice to see
how a reasonable bulk condition explicitly translates to a
proven fact in the boundary. Our result generalizes Kelly
& Wall’s proof to include a larger class of bulk curves as
will become evident. Although the computation of the
previous section relied on the transformation properties
of the stress-energy tensor, this section uses the machin-
ery of holographic renormalization [15] to avoid the dis-
cussion of conformal transformations.
The proof will follow closely along the lines of [10]. We
take the AdS metric to have the form
ds2 =
dz2 − 2dudv + z2γabdxadxb
z2
(8)
where here γab = tab + z
2sab with latin indices denoting
boundary coordinates. The holographic dictionary [15]
tells us that tab ∼ 〈Tab〉/c, where c is the central charge.
The set up, as depicted in Fig. 1, will be to pick a
null curve, v(u) = constant with u ∈ [−L,L], lying at the
z = 0 plane in Poincare coordinates. If an arbitrary time-
like or null curve leaves the boundary at the same initial
point and dips into the bulk, the BCC says that this
curve should be delayed upon arriving at the boundary.
Indeed, the change in the null coordinate orthogonal to
u obeys
∆v ≥ 0 (9)
for any time-like or null curve starting on the boundary.
We now show that this inequality implies the quantum
inequalities.
We can parameterize our bulk curve also in terms of
3∆v ≥ 0
1
u
z
=
0
1
FIG. 1. A sample curve with bulk profile given by z(u) =

√
ρ(u) for u ∈ [−L,L]. The curve originates at the point
(u, v, z) = (−L, 0, 0) and is constrained to land inside the
future light cone of the point (u, v, z) = (L, 0, 0).
u, and so we pick a curve dipping into the bulk such that
z(u) = 
√
ρ(u), V (u) =
2
2
∫ u
−L
ρ(u′)γuu(u′) du′
+
2(1 + δ)
8
∫ u
−L
(ρ′(u′))2
ρ(u′)
du′ (10)
where we have introduced the small parameters δ, . For
δ = 0, the curve is null at leading order and so higher
order terms become important. To assure that (10) is
timelike, we pick δ > 0 but eventually take the limit as
δ → 0.
Expanding in , this curve is manifestly timelike at
leading order
Z ′(u)2 − 2V ′(u) + Z2(u)γuu(u) +O(3) =
−2δ
4
ρ′(u)2
ρ(u)
+O(3) (11)
Thus, one can apply the BCC to this curve; this curve
must be delayed by some non-negative amount with re-
spect to its boundary competitor. Sending  → 0 and
imposing the condition in 9, one finds∫ L
−L
ρ(u′)γuu du′ ≥ −1 + δ
4
∫ L
−L
ρ′(u′)2
ρ(u′)
du′ (12)
The left hand side can be brought into a familiar form
by quoting the standard holographic result [15]
γuu =
12pi
c
〈Tuu〉
for d = 2. Plugging this in, we get the result that∫ L
−L
ρ(u′)〈Tuu(u′)〉 du′ ≥ −c(1 + δ)
48pi
∫ L
−L
ρ′(u′)2
ρ(u′)
du′
(13)
Since this must hold for all δ and L, we can with impunity
take the L→∞ and δ → 0 limits to recover (2).
A few comments are in order. Throughout this dis-
cussion, we have assumed that ρ(u) ≥ 0, and thus U ′(u)
is non-negative everywhere. We have also implicitly as-
sumed that ρ(u) vanishes in the far past and future. Fur-
thermore, whenever ρ(u) = 0, then we set ρ′(u)2/ρ(u) to
zero by hand. This is a reasonable assumption for most
smooth sampling functions of interest. From a bulk point
of view, this just means that the curve smoothly lands
on the boundary.
This entire analysis is stable under relevant deforma-
tions of the CFT as their effects show up at higher order
in the perturbative Fefferman-Graham expansion. Fur-
thermore, the extension to a curved background on the
boundary should be straightforward and the result of [16]
should be exactly recovered. To see this, we note that for
a curved background the Fefferman-Graham expansion
becomes [15]
γuu =
1
2
(Rguu + tuu) (14)
where tuu is defined as before. If the curve on the
boundary is null with respect to the boundary metric,
guu = gµνu
µuν will vanish. Thus, the Ricci scalar term
disappears and the proof goes forward as before. This
matches with the result of [16] up to the factor of the
central charge.
We can also turn this inequality around. By taking the
limit of Gaussians, we can arrive at a pointwise energy
condition. In general, the lower bound with till tend to
−∞ for c > 0. If, however, c < 0, then we get that
the stress tensor blows up at every point along this null
line. Thus, if we take the Quantum Inequalities to be
true, then c < 0 is seen as unphysical. Note that the
CFT proof required no assumptions on c. We know also
that c > 0 follows from unitarity of the CFT and so the
Quantum Inequalities appear to make contact with this
constraint. In higher dimensions, this discussion may
bear more insight as discussed below.
IV. DISCUSSION
In this section, we discuss the potential generalization
to higher dimensions. Immediately one runs into power-
counting issues if the above approach is naively applied
4to four dimensions. Of course, this is no surprise as the
integral along a curve of the stress tensor has no lower
bound in higher- dimensional theories [17]. Quantum in-
equalities analogous to those in 2-dimensions have been
formulated in 3+1-D for massive and massless scalar field
theory [18], but these inequalities involve the time-like
component of the stress-tensor - as opposed to the null
component. Fewster & Eveson found that the stress ten-
sors for these theories obey∫
ρ(t)Ttt(t) dt ≥ − 1
16pi2
∫
(ρ(t)1/2 ′′)2 dt (15)
Although the 2-D QIs are optimal, these 4-D inequalities
may not be, but we can still try to follow the same logic of
section 2, inspired by [8]. In four-dimensions, the stress
tensor transforms analogously to the lower dimensional
case [14]. If we consider the conformal transformation
− dT 2 + d~x2 = −T ′(t)2 dt2 + d~x2 7→ −dt2 + d~x
2
T ′(t)2
(16)
so that σ(t) = − log(T ′). Then using equation (4.24)
from [14], we see straightforwardly that
〈Tˆtt(t)〉
T ′
− T ′〈Ttt(t)〉 =
(T ′)2
[
3a
8pi2
σttσ
2
t +
c
8pi2
(
σ(4)
2
− 3σttσ2t
)]
(17)
Applying the coordinate transformation to Ttt and inte-
grating against ρ(t), we find that∫
ρ(T )〈TTT (T )〉 dT =∫
ρ(t)
〈TˆTT (T )〉
T ′
dt−
∫
ρ(t)∆(t) dt (18)
where ∆(t) is defined to be the factor multiplying T ′(t)2
in (17). This equation can be interpreted as an operator
statement and so the first term on the right hand side
does not vanish in general.
Importantly, however, we do not currently have the
ability to bound the right hand side. If an AWEC-
type inequality holds for this conformally flat, FRW-type
spacetime in (16), then we expect ρ(t) = T ′(t)n for some
n. Plugging this in to (18) and integrating by parts, we
find∫
ρ(t)∆(t) dt =
−2(a− c+ n23 c)
16pi2n3
∫
(ρ′)4
ρ3
dt+
c
16pi2n
∫
(ρ′′)2
ρ
dt (19)
where a, c are the central charges of the 4-d theory. In-
terestingly, if we take n = 4, one finds that (19) becomes
∫
ρ(t)∆(t) dt =∫
c
16pi2
((ρ1/2)′′)2 dt−
(
a+ c
16pi2 32
)∫
(ρ′)4
ρ3
dt (20)
This equation should be compared with (15), particularly
in the case of a massless scalar field theory with c = 1
and a/c = 1/3.
We suspect that whatever inequality is discovered for∫
ρ(t) 〈TˆTT (T )〉T ′ dt will lead to a bound on a/c by an ar-
gument analogous to the one given above. This result
would be reminiscent of those found in [19] and recently
proven rigorously in [20]. A connection between bounds
on a/c and spacetime averaged inequalities was also dis-
cussed in [21], but we leave a more thorough examination
of this point for later work.
V. CONCLUSION
We have shown a connection between the quantum in-
equalities in 1+1-d CFTs and the BCC in the bulk. We
have also hinted at a potential connection to the bounds
of [19] and [20]. A higher dimensional generalization of
the bulk interpretation of our discussion is still lacking.
While null energy conditions have been discussed thor-
oughly in the context of bulk-boundary physics, averaged
timelike inequalities remain more mysterious from the
point of view of the bulk. We would also like to better
understand the bulk origins of both the Quantum Null
Energy Condition, the ANEC and the Quantum Inequal-
ities. The recent work of [13] may help to shed light on
this. We hope to further the investigation of all these
points in the future.
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